Abstract. In this expository note, we present a simple proof of the Fredholm Alternative for compact operators that are norm limits of finite rank operators.
Theorem 1. Let T be a compact operator on a Banach space E and let I denote the identity operator on E. Then either (i) the operator I − T is invertible (i.e. has a bounded inverse), or (ii) there exists a nonzero vector y ∈ E, y = 0, such that T y = y.
In this note, we give a simple proof of the following version (Theorem 2) of the Fredholm Alternative.
A finite-rank operator is a bounded linear operator whose range is finite dimensional.
Theorem 2. Let T be a bounded linear operator on a Banach space E. Suppose that there exists a finite-rank operator F such that ||T − F || < 1. Then either (i) the operator I − T is invertible, or (ii) there exists a nonzero vector y ∈ E, y = 0, such that T y = y.
We start with a simple lemma. Lemma 1. Let S : V → V be a linear operator on a vector space V with range M ⊆ V . Let I denote the identity operator on V . Then the operator I − S : V → V restricts to a linear operator (I − S) |M : M → M . Consider the following statements:
Then (1) ⇔ (2), and (3) ⇔ (4). 
Proof. It is clear that
The implication (1) ⇒ (2) is also clear. Suppose that (I − S)y = 0 for some y in V . Then y = Sy, hence y belongs to M . Thus (2) implies (1).
Let x be a vector in M and suppose that (I − S)y = x for some y in V . Then y = x + Sy, hence y belongs to M . Thus (3) implies (4).
Conversely, let x be a vector in V and suppose that (I − S)y = Sx for some y in M . Then (I − S)(x + y) = x. Hence (4) implies (3). Proof. Let F be a finite rank operator such that R := I −(T −F ) is bijective. Then I − T = R − F and the proposition follows from Corollary 1.
Proof of Theorem 2. Suppose that (ii) does not hold. Then the operator I − T is injective. Let F be a finite-rank operator such that ||T − F || < 1. Then the operator I −(T −F ) is invertible, in particular, bijective. Hence by Proposition 1, the operator I − T is also surjective. By the Open Mapping Theorem, I − T is invertible, i.e. (i) holds.
Recall that the norm limit of (a net of) finite-rank operators is always compact. We say that a Banach space E has the approximation property if every compact operator is a norm limit of finite-rank operators. Theorem 2 proves the Fredholm Alternative (Theorem 1) for Banach spaces with the approximation property. Most familiar Banach spaces have the approximation property.
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As an example, we prove that Hilbert spaces have the approximation property. This proves the Fredholm Alternative for compact operators on a Hilbert space.
1 but not all -see [Enf73] .
Lemma 2. Let E be a Banach space and let P α be a net of uniformly bounded linear operators strongly converging to I. Then for any compact operator T , the net P α T converges to T in norm.
Proof. Let B denote the closed unit ball of E. Then, since T is compact, the subset T (B) is relatively compact, hence totally bounded in E, and for any α,
By assumption, I − P α converges pointwise to the 0 operator. Moreover, since each P α is linear and {P α } uniformly bounded, the net I − P α : E → E is uniformly equicontinuous, hence converges uniformly on T (B).
We say that a Banach space E has the bounded approximation property if there exists a net of uniformly bounded finite-rank operators on E converging to I strongly. It follows from Lemma 2, that if E has the bounded approximation property, then it has the approximation property (this result is due to Grothendieck). Finally, it follows from Parseval's identity, that Hilbert spaces have the bounded approximation property. This concludes our proof of the Fredholm Alternative for compact operators on a Hilbert space.
As an application, we prove a Fredholm Alternative for pseudodifferential operators of negative order.
Theorem 3. Let X be a closed, smooth manifold and let
be a pseudodifferential operator of order m < 0. Then I − P is injective if and only if I − P is surjective.
Proof. Fix a smooth measure on X and let H = L 2 (X). Then P extends to a compact operatorP : H → H and by elliptic regularity if x ∈ C ∞ and (I −P )y = x, then y belongs to C ∞ (cf. [Shu01] ). It follows that I − P is injective if and only if I −P is injective, and I − P is surjective if and only if I −P is surjective. But, by the Fredholm Alternative for compact operators on a Hilbert space, I −P is injective if and only I −P is surjective.
Remark 1. We note that elliptic regularity is especially simple in our case. Indeed, for s ≥ 0, let H s denote the s-Sobolev space. Then H 0 = L 2 (X) and s≥0 H s = C ∞ (X) andP (H s ) ⊆ H s−m for s ≥ 0.
Elliptic Regularity: If x ∈ H s−m and (I −P )y = x for some y ∈ H s , then y = x +P y belongs to H s−m .
Remark 2. Since C ∞ (X) = s≥0 H s is a Fréchet space and P is continuous, if I − P is bijective, then it has a continuous inverse by the Open Mapping Theorem. Hence, either (i) the operator I − P : C ∞ (X) → C ∞ (X) is invertible, or (ii) there exists a nonzero y ∈ C ∞ (X), y = 0, such that P y = y.
